The two main issues for managing wrong way risk (WWR) for the credit valuation adjustment (CVA, i.e. WW-CVA) are calibration and hedging. Hence we start from a novel model-free worst-case approach based on static hedging of counterparty exposure with liquid options. We say "start from" because we demonstrate that a naive worst-case approach contains hidden unrealistic assumptions on the variance of the hazard rate (i.e. that it is infinite). We correct this by making it an explicit (finite) parameter and present an efficient method for solving the parametrized model optimizing the hedges. We also prove that WW-CVA is theoretically, but not practically, unbounded. The option-based hedges serve to significantly reduce (typically halve) practical WW-CVA. Thus we propose a realistic and practical option-based worst case CVA.
Introduction
Quantifying wrong way risk (WWR) for the credit valuation adjustment (CVA, i.e. WW-CVA) is problematic because of the difficulty of obtaining credit-related (stochastic) volatilities and links with exposures required for calibration. The link between credit and exposure is critical and largely opaque because no exposure sensitive credit instruments are traded. Credit Default Swaps, when available, only provide fixed protection. Whilst it is * Contact: chris.kenyon@lloydsbanking.com
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† Contact: andrew.green2@scotiabank.com. Andrew Green is a Managing Director and lead XVA Quant at Scotiabank TM in London. The views expressed in this article are the personal views of the author and do not necessarily reflect those of Scotiabank TM . Scotiabank TM is a Trademark of The Bank of Nova Scotia and used under license. Important legal information and additional information on the trademark may be accessed here: http://www.gbm.scotiabank.com/LegalNotices.htm ‡ This version contains significant improvements compared to the previous Versions 1.0* always possible to delta and vega hedge model sensitivities dynamically, practical implementation of dynamic hedging in realizations of wrong way risk is questionable. Hence we start from a novel worst-case approach using static hedging of counterparty exposure with liquid options, i.e. non-creditsensitive instruments. We say "start from" because we demonstrate that a naive model-free approach contains hidden unrealistic assumptions on the variance of the terminal hazard rates (i.e. that they are infinite) in many cases of practical interest. We correct these hidden assumptions by making this variance an explicit parameter. We present an efficient method for solving the parametrized model that requires only sorting, and one-dimensional minimizations to optimize the hedges. This solution serves as both an upper bound on the WWR for CVA and a specification of the required liquid hedges to achieve it.
Most WWR analyses are model-dependent, for example (Brigo and Chourdakis 2009; Lee and Capriotti 2015; Carr and Ghamami 2015) . We chose a model-free approach to start from, following Yang (2015a, 2015b) because of the difficulty of calibration. We analyse the scenarios generated by a model-free approach and identify a hidden counter-factual assumption (unbounded default probability variances). We refine the modelfree approach to preserve consistency with reality via parametrization as we explain below.
Typical WW-CVA analyses use a copula or correlation mechanism to link exposure and default scenarios (Cespedes, de Juan Herrero, Rosen, and Saunders 2010; Rosen and Saunders 2012; Brigo and Chourdakis 2009 ). This may be static (Brigo and Chourdakis 2009) or allow the copula to change at each time step (Cespedes, de Juan Herrero, Rosen, and Saunders 2010) . Hull and White (2012) take a more direct approach and model default probability as a function of counterparty exposure. Calibration is usually historical which raises the question of hedging practicality. A worst case approach naturally avoids this calibration problem (Glasserman and Yang 2015a) . We take inspiration from this worst case approach.
We first show that worst case CVA is technically, but not practically, unbounded. Yang (2015a, 2015b) found a bounded worst case, but we demonstrate that one of their model constraints is not present in the standard definition of CVA. The unbounded worst case CVA result is simple to construct: first place all the default probability at each time point on the paths with the highest exposures at that time point. Then increase the granularity of the time points (decreasing their spacing) so the default moves further and further into the distribution's tail. If the exposure is unbounded, e.g. from a receive-float interest rate swap then the worst case CVA is unbounded.
In practice defaults do not usually occur during trading hours but rather Chapter 11 protection is sought overnight (in the US). The ISDA CDS Stan-dard Model TM1 , for another example, is defined in terms of whole days. Thus the relevant granularity is daily as default at finer granularities, e.g. hours, seconds, etc, is not relevant so WW-CVA can be very large but not unbounded. CVA setups are almost always discretised but what we demonstrate here is that this discretization is highly significant in WWR and must be allowed for, i.e. adjusted to the granularity of possible default. The importance of the tail of the exposure distribution further suggests an option-based hedging strategy which we present here.
Hedging WWR in CVA is problematic. One way to hedge WWR in CVA would be with credit contingent default swaps (CCDS) but these are not liquid. Alternatively a dynamic hedging strategy could be used but these have a poor record in crises (Rubinstein 1988) or when there are jumps in asset dynamics (Cont and Tankov 2009 ) and the calibration parameters (especially correlations and correlation volatilities) are generally not available from market instruments. Credit default swaps (CDS) are generally not suitable to control the worst case CVA because they only provide finite cover whereas exposure may be unbounded. Thus we look for a strategy based on static hedges without CDS.
Static hedges from non-credit sensitive instruments are generally available in the form of vanilla Bermudan or American options. These hedges can purchased from collateralized counterparties, so introducing little credit risk. The exposure to the original (uncollateralized) counterparty is now finite for finite cost and we can solve for the optimal strike for the hedge. Thus the worst case option-based CVA is finite when hedges are included. Using noncredit sensitive options for credit events requires non-ruthless (inefficient) exercise that must be priced in. (Non-)ruthless exercise is well-known in commodities (Jaillet, Ronn, and Tompaidis 1998; Jaillet, Ronn, and Tompaidis 2004; Masiello, Manoliu, and Skantze 2009) and in mortgage-backed securities (Vandell 1995) : we now extend the concept to counterparty credit risk generally.
We go further and consider the structure of the worst case scenarios. We prove that the implied variance of the hazard rate is infinite over typical time intervals (e.g. a day). This is unrealistic, so we parametrise the implied variance. Now we can re-apply our option-based approach for minimising worst case CVA. The implied variance can be calibrated to historical worst case (stressed) credit data or otherwise fixed. Thus we propose a realistic option-based worst case CVA.
The contribution of this paper is to introduce a realistically-model-free option-based approach for WW-CVA that is practical. It is realistic in that is does not have a hidden assumption of infinite variance of the hazard rate. It is practical in that it uses liquid (i.e. non-credit-sensitive) options to significantly decrease the WW-CVA. The strategy uses static hedges so is not sensitive to market idiosyncrasies around default events.
Worst Case CVA
Here we characterise and solve the naive WC-CVA problem. This formulation is naive because it contains hidden unrealistic assumptions on the variance of the hazard rate. We analyse non-naive formulations later in Section 1.3 . 
CVA
Worst := max p * , * i s
, default probability conditional on path
Proof. Probabilities must be non-negative so the constraint [NN] is valid. Using the definition of CVA from Green (2015) and absorbing discounting into exposure, we have
where τ is the default time. In this case the expectation will be under the worst-case measure, i.e. the set of probabilities that give the highest CVA. Note that this does not change the form of the equation for CVA, it is valid whatever the probability distribution. Now assume recovery (R) is constant, then expand default timing and the default dependence into the bivariate distribution P (u, s) gives
summing the last two terms over all paths
Hence constraint [MM] is valid and so is the objective function.
The following is a direct corollary of the Lemma above.
Corollary 1. The constraint below from Yang (2015a, 2015b) is not required for the worst-case CVA problem.
paths of market factors get equal weight
In general for every hazard rate dynamic [EW] will almost surely never be satisfied because [EW] requires equal integrated default probability on all paths. The critical weights on the paths are those of default probabilities and there is no reason for these to be equal. In fact for every stochastic hazard rate model, once the marginals are met, there is no other constraint (unless CDS options are available from the market, which we do not consider).
In order to clarify the Corollary further, consider a Monte Carlo simulation with one step. From some assumed calibration we have a distribution of exposure values after the step and a distribution of hazard rates (ignoring any connection between the two). The Monte Carlo process samples these distributions. Each sample has equal weight when we take an expected value of the exposure, but the exposure values are random draws on the exposure distribution. They will generally be different values. Equally, each sample of the hazard rate distribution gives a different value of the hazard rate. The values of the hazard rates will all be different (assuming a continuous distribution). Hence the default probability of each sample will be different. Thus we see that [EW] cannot hold here if hazard rates are stochastic. This forms a simple counterexample to [EW] . There is no dependence on the measure or filtration (provided these are not singular).
We now characterise the solution of [WC-CVA] . The solution below appears useful, but it depends on the granularity of the stopping dates via the discrete default probability q s . In practice default occurs with at most daily granularity and claims are generally aligned to books and records valuations which are also daily. Hence the correct limiting granularity is daily. This will be an input in our option hedging strategy.
where q s is the marginal default probability and v + (s) the exposure distribution at s. Alternatively, explicitly assuming n equally-weighted paths: let j s 1 , ..., j s n be the ordering of v + i,s from largest to smallest with ties broken randomly
where m s := floor(q s /n).
Proof. Solution is obvious. Firstly note that the solution for each time interval is independent of every other time interval. Now consider the worst case for any given stopping date. The worst case on stopping date is where all the default probability is on the paths with the highest exposure. We proceed iteratively. Given n paths if q t < 1/n then place nq t default probability on the path with the highest exposures. By construction nq t ≤ 1 so is a valid probability, and the marginal probability q t = (nq t )/n is matched.
Suppose alternatively, that q t > 1/n, then place a default probability of 1 (certainty) on the top m = floor(q t /n) exposure paths at this time point, with the remaining (nq t − m) default probability on path m + 1. Again the marginal probability q t is matched by construction.
Since we have maximised the CVA for each time interval and all time intervals are independent we have found the maximum CVA. We also see that the worst case CVA is the sum of the Expected Shortfalls with parameter q s scaled by q s .
WW-CVA generally increases as the granularity of stopping dates becomes finer. The effect of granularity case is captured in the following Lemma.
Lemma 3. Let the exposure v + s have a probability distribution function (PDF) and that CDF v −1 (1 − 1/n) → +∞ as n → +∞ where n is a strictly positive integer and there exists N such that CDF v −1 (1 − 1/n) > 0 for all n > N . Then the WW-CVA is unbounded as the stopping dates become uniformly finer. (CDF v −1 is the inverse of the cumulative distribution function).
Two examples of such distributions are the LogNormal and Normal as both have CDF v −1 (1-1/n)→ +∞ as n → +∞. N = 2 suffices for any LogNormal distribution and N will depend on the parameters of the Normal distribution (N = 3 would work for a Standard Normal).
Proof. Over some interval let the probability distribution function of v + (s) be PDF v (y) with cumulative distribution function CDF v (y), and the default probability for that interval be q s . Let the WW-CVA over this interval, given that it is subdivided into n parts be WW-CVA(q s ; n), then
where
Now as n → ∞ so x(n) → ∞. So the RHS goes to infinity, and WW-CVA tends to infinity as the stopping dates become uniformly finer.
Realistically, default is not possibly with a finer granularity than daily, so WW-CVA may be very large but never infinite in practice. However, WW-CVA must be calculated in a way that adjusts the effective granularity of stopping dates to the practical granularity of default or else the WW-CVA will be wrong.
We now consider option-based strategies for the worst-case CVA theoretically and later show numerically that this can be effective in reducing WW-CVA.
Option-Based Worst-Case CVA
In the previous section we proved that the worst case for CVA is theoretically, but not practically, unbounded. The form of the worst case CVA as a function of Expected Shortfall suggests that an option-based approach, cutting off the exposure tail, may reduce WW-CVA. We formalize this approach in this section, limiting the options considered to constant strike Bermudans, B(K), on the grounds of liquidity. Sketch of Proof. The option caps the exposures and the outer minimization searches for the choice of K that minimises the total cost of the capped WC-CVA, the Bermudan option cost B(K). The benefit from the Bermudan is contained within the exposure cap on the WWR. We must now consider whether our Bermudan exercise strategy is optimal. If exercised before counterparty default we get a value, say, x. Now when the counterparty does default, in the worst case it will cost more than x (given unbounded support of v + ), so it is never worst-case optimal to exercise early. Exercising late can be beneficial because the worst that can happen in terms of exposure has happened since the counterparty no longer exists. As the Bermudan option is not credit sensitive the highest value may come later. Hence the value (benefit) of the Bermudan exercise is a lower bound.
To have a tight bound we would need to include a model for the exposure dynamics and our aim is to be model free. Note that this worst case remains model-free as the Bermudan and European option prices are inputs. The minimization over K is a one-dimensional optimization that is simple to compute numerically.
As an example consider the case of a receive-float swap. We can hedge the worst case risk using an American Swaption. These are not traded regularly on the market so we can approximate the position with a Bermudan Swaption and these are relatively liquid. We can calculate the price of Bermudan swaptions using established techniques. Whenever the counterparty defaults we exercise the option and replace the missing cashflows (at least those above the strike).
Are the default probability scenarios within the solutions of [WC-CVA] and [OB-WC-CVA] realistic? We consider this next and extend our analysis.
Worst-Case CVA with Arbitrary Default Probabilities
The worst case model puts all the default probability on the highest exposure scenarios at each time point, and zero on all other scenarios. This means that there can be points and scenarios with default probability equal to one (certainty of default). This implies an infinite hazard rate. Thus the terminal volatility (square root of the variance) of the hazard rate is always infinite given a sufficient number of scenarios (or paths).
Lemma 5. The terminal hazard rate volatility is infinite at every time point in [WC-CVA] where n > 1/q s (n number of paths; q s marginal default probability at time point (adjusted for daily granularity)
Proof. Since n > 1/q s at least one path at s (always the one with the highest exposure) has a default probability of 1 (one). A default probability of 1 (one) on a path means that the hazard rate on the respective time interval is infinite. The variance of any (discrete) distribution with infinite values with non-zero probabilities is infinite.
To avoid this case of infinite hazard rate volatility we can re-parametrize from hazard rates to default probabilities and consider volatilities that are a fraction of the maximum possible (now finite 2 )
The solution to the worst case wrong way risk CVA with arbitrary default probabilities on each path is given by the following Lemma.
Lemma 6. [FV-OB-WW-CVA] solution. Given a finite set of exposure scenarios and a finite set of arbitrary default probabilities the worst-case (maximum sum) assignment of exposure scenarios to default probability scenarios (i.e. CVA) is when they are both sorted and then assigned largest to largest, second-largest to second-largest and so on down to smallest with smallest. The computational complexity of this algorithm is O(m n Log(n)) when there are m time points and n scenarios, i.e. the cost of the sort for each time period. Finding the optimal option strike adds a one-dimensional minimisation.
Proof sketch. This is a degenerate case of the Stable Marriage Problem (see the Appendix for details of the Stable Marriage Problem) with quantitative preferences (Gale and Shapley 1962; Gusfield and Irving 1989) . The preferences here are the exposures times the default probabilities. Without loss of generality we assume there are no ties in the numerical preferences (otherwise add a random number much smaller than machine precision to the tie cases: numerically this has no effect but it removes any ties theoretically). WLOG we also assume that all preferences (exposures and probabilities) are strictly positive. In this case the Woman's preference for the Man is equal to the Man's preference for the Woman because a × b = b × a. This means that the Man-optimal solution is identical to the Woman-optimal solution. (A Man-based solution is generated by applying Gale's algorithm from the point of view of the Men and this solution is Man-optimal). Hence, because we have assumed no ties, there is only one solution. Because there is only one solution then this solution is globally optimal hence the sum of the preferences is maximised. The proof that the Man-optimal solution is the sort solution is obvious (for the Man with the highest score the highest Woman score maximises his preference because it is the multiple of the two numbers, and so on).
The worst case CVA is now a function of the assumed variance of the default probability at each time interval. As this variance tends to the maximum we return to the previous case. It enables WW-CVA quantification based on an agreed level of default probability variance (up to the theoretical maximum). This may be calibrated, for example to a stressed period.
Numerical Examples
In these examples we quantify the WW-CVA and the savings produced using an option-based approach.
We consider the option-limited worst case CVA for receive-float GBP interest rate swaps asof 31 July 2015 with 3M/3M pay and receive frequencies. For convenience we do all computations on a 3M grid, or equivalently 3M stopping dates. We adopt an almost model-free approach in that we obtain the probability distribution function (PDF) of swap rates from call spreads of European Swaptions (option to enter a receive-float swap co-terminal with the swap of interest) for each stopping date. Bermudan options are computed by standard methods calibrated to their strike. We divide the strike range into equal strike intervals so there is no dependence on path numbers. The calculation at each stopping date is granularity-adjusted to allow for daily defaults.
We assume a Binomial distribution for the default probability on each path at each time point as a fraction of the maximum possible at that time point. The two default probability levels are chosen to maintain the marginal default probability defined by a range of CDS spreads, and keep the same proportion as in the case where one value is one and the other zero. We assume at 40% recovery rate for the counterparty. Figure 1 shows the components of the [OB-WW-CVA] cost as a function of Bermudan option strike K for an example counterparty default risk level. Note that the minimum total cost is for a Bermudan strike around 5%M. Figure 2 shows the optimal Bermudan strike K for a 10Y IRS using [FV-OB-WW-CVA] as a function of counterparty default risk level (CDS spread) and increasing default probability terminal volatility in 40% steps starting at 10% (arrows). In these IRS examples the option-based strategy becomes attractive almost immediately, e.g. when default probability volatility are 10% of maximum. It is striking how little default probability volatility is required to move far from the no-WWR case (green line). Figure 3 shows the cost savings for worst case CVA [FV-OB-WW-CVA] for a 10Y IRS, as a function of counterparty default risk level (CDS spread) and increasing default probability volatility in 40% steps starting at 10% (arrows). Savings of 50% or more are present for counterparty CDS spreads above 200bps and default probability variances greater that half of maximum. For higher default probability volatility the option-based method is highly efficient enabling savings above 70% of WW-CVA costs.
Discussion
We have proved that the worst case CVA is technically, but not practically, unbounded. We have also proved that the naive worst case typically has a hidden assumption of infinite hazard rate variance. The hazard rate variance can be parametrized via a change of variables and then calibrated (e.g. to a stressed period) as a percentage of maximum possible. The form of the worst case CVA suggests an option-based hedging strategy which we have developed using non-credit sensitive instruments (Bermudans). The strike of the hedging options are optimized, balancing option and wrong-way CVA costs for minimum total cost. This is economic, providing savings of typically 50% for cases of even relatively low default probability volatility (e.g. half of maximum) and counterparty CDS spreads (200bps).
We have not solved for the optimal hedging option style, e.g. Bermudan versus Look-Back. For hedging WWR to be credible it must be a static hedging strategy because dynamic hedging in a crisis is problematic (Rubinstein 1988; Cont and Tankov 2009) . The more-non-standard the option the higher the production charge from the market (we leave production costs to Bermudan strike K depends on counterparty default risk level (CDS spread) and increasing default probability terminal volatility in 40% steps starting at 10% (arrows). The RED lines gives case with the maximum possible default probability volatility. The GREEN line gives the CVA when there is no WWR. future research). The WWR CVA cost has an upper bound at the cost of the option-hedging strategy with vanilla instruments. These arguably include Bermudan options for interest rates, American options for equities, etc.
Our modelling approaches do not preserve path-wise continuity of hazard rates. However, models of CDS volatility which calibrate to index CDS options have jumps in the integrated hazard rate (Peng and Kou 2008) .
Our hedging options are exercised inefficiently (non-ruthlessly) because we use non-credit sensitive options to hedge credit risk. This inefficiency must be priced in for the hedging to be reflected in desk PnL. Non-ruthless exercise and is well-known in pricing commodity contracts (Jaillet, Ronn, and Tompaidis 1998; Jaillet, Ronn, and Tompaidis 2004; Masiello, Manoliu, and Skantze 2009) and in mortgage-backed securities (Vandell 1995) . Pricing in non-ruthless exercise means that this flows through into Accounting profit-and-loss to ensure incentive alignment and accurate representation of economics. Thus this paper widens the use of non-ruthless exercise to counterparty-credit hedging in general.
Could we produce a better static hedging strategy using the same method with the same constraints? Our strategy of using non-credit-sensitive hedges can be exploited by taking a portfolio view. That is, we consider the worst case across many counterparties and exploit the fact that a non-credit sensitive hedge automatically hedges any counterparty (Kenyon, Dennis, and Green 2016) .
In summary, we introduce an option-based pricing approach for WW-CVA is theoretically inefficient but practical and economic with typical savings of half the WW-CVA. Savings by using an option-based approach for WW-CVA for different levels of default probability terminal volatility (10% to 90% by 40% of maximum possible). Red line show savings for highest possible default probability volatility.
Appendix: The Stable Marriage Problem
The Stable Marriage Problem [SMP] (Gale and Shapley 1962) starts from an equal number of men and women who have preference lists. It seeks man-woman pairings such that no single switch improves total preference. Gale and Shapley (1962) proved that a greedy algorithm (the Gale-Shapley Algorithm) produces such a solution. It starts from one sex and continues with that sex until termination. At termination there is a stable solution, and -this is key -it is optimal from the point of view of the sex that it started with, but not necessarily from the other view. Thus, when the preferences are equal from both sexes' points of view, the greedy solution will be globally optimal.
